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Abstract

We consider multidimensional systems of PDEs of generalized evolution form
with #-derivatives of arbitrary order on the left-hand side and with the right-hand
side dependent on lower order 7-derivatives and arbitrary space derivatives. For
such systems we find an explicit necessary condition for the existence of higher
conservation laws in terms of the system’s symbol. For systems that violate
this condition we give an effective upper bound on the order of conservation
laws. Using this result, we completely describe conservation laws for viscous
transonic equations, for the Brusselator model and the Belousov—Zhabotinskii
system. To achieve this, we solve over an arbitrary field the matrix equations
SA = A'S and SA = —A'S for a quadratic matrix A and its transpose A’,
which may be of independent interest.

PACS number: 02.30.1k

1. Introduction

It is well known that conservation laws are of fundamental importance for clarifying the
structure of PDEs. In particular, a common feature of soliton equations is to have conservation
laws of arbitrarily high order. Existence of higher order conservation laws imposes very
strong conditions on a system of PDEs. Explicit formulation of these conditions would help
to classify integrable systems of a given type.

The straightforward study of the conserved current condition is hampered by the fact that
one is interested in equivalence classes of conserved currents modulo trivial ones. Therefore,
it is convenient to switch from a conserved current to its characteristic, which is the same for
equivalent currents and satisfies the equation adjoint to the linearization of the initial system
[1,2,8,12].

0305-4470/02/4910607+11$30.00  © 2002 IOP Publishing Ltd  Printed in the UK 10607


http://stacks.iop.org/ja/35/10607

10608 S Igonin

Thus a part of the problem is to determine conditions for the adjoint linearized equation
to have higher order solutions x. In the present paper we perform the first natural step in this
direction. For determined, possibly multidimensional, systems of PDEs we find the conditions
imposed on the symbol of the system by the fact that some higher order vector-functions satisfy
the adjoint linearized equation modulo lower order terms.

More precisely, we consider systems of generalized evolution form

8hui ) S u 8i|+---+inub
= F ot —— — :
oat" ats axil ...ax:l“

i,a,b=1,....,m j=1,...,n s=0,....h—1 i1+---+i, <N )
with 7-derivatives of fixed order 4 > 0 on the left-hand side and with the right-hand side
dependent on lower order #-derivatives and arbitrary space derivatives.

To any m-component vector-function y of the variables x;, 7, u' and their derivatives, we
associate its symbol with respect to the space variables x;, which is an m x m matrix, whose
entries are homogeneous polynomials in 7 variables of degree equal to the order o(y) of x
with respect to x;.

Let A be the symbol of the right-hand side of (1), and S be the symbol of the characteristic
x of a conservation law for (1). It turns out thatif o(x) > O, where O < N is some constant
associated with (1), then the adjoint linearized equation implies the matrix equation

SA = (—D)N*A'S. ()

Here and below A’ is the transpose of A.

A linear algebra problem arises naturally: for what matrices A does there exist a nonzero
matrix S such that (2) holds? In addition, since for known integrable systems there are normally
higher conservation laws with nonsingular S, one is also interested for which A the matrix S
can be taken nonsingular, i.e. when the matrices A and +A" are similar (conjugate).

In solving these problems there is a difference between the casesn = 1 andn > 1. If
n = 1, one can switch from homogeneous polynomial in one variable matrices A and S to the
corresponding matrices of coefficients and, allowing the coefficients to be complex, make use
of the Jordan normal form [3]. While if n > 1 then the entries of the matrices belong to the
field of rational functions in several variables, which is essentially not algebraically closed,
hence the Jordan normal form is not generally applicable. Using more sophisticated algebraic
technique, we prove the following effective criteria.

Theorem. For any m x m matrix A with entries from an arbitrary field F and the characteristic
polynomial d()) € F[A] we have the following.

(1) The matrices A and A" are always similar.

(2) A nonzero m x m matrix S such that SA = —A'S exists if and only if the polynomials
d(A) and d(—X\) have a common divisor of positive degree.

(3) The matrices A and —A" are similar if and only if all the invariant factors d; (1) of A
(certain divisors of the characteristic polynomial [4]) satisfy d; (—X) = (—1)%24 Mg, ().
In particular, d(\) = (—1)%29Pd (1), which in the case charF # 2 implies trA = 0 and,
ifmisodd,detA = 0.

Statements 2 and 3 of the theorem give a necessary condition for the existence of higher
conservation laws for systems (1) with odd N + h. In particular, a scalar equation (m = 1) of
the form (1) with odd N +#A cannot have conservation laws of order greater than O. For different
ways to write system (1) in the generalized evolution form the symbols A and the resulting
conditions are generally different. In order to have higher conservation laws, a system of PDEs
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must satisfy all conditions obtained from various ways to write it in the generalized evolution
form.

Let us discuss the previous research on this subject. It seems that only evolution systems
(h = 1) in one space variable (n = 1) were studied in this respect. For such systems
equation (2) was obtained using a similar technique to that used in [6] and rediscovered in [3].
In [6] itis noticed that SA = — A’S for nonsingular S implies det(A+AT) = (—1)" det(A—AT),
which is a weaker version of our statement 3. Here and below [ is the unity matrix. In [3]
statement 2 is proved for complex matrices, and the corresponding necessary condition for
the existence of conservation laws of order greater than the order of the evolution system
is formulated. Even in this simplest case our result is stronger, since the upper bound O is
normally much smaller than the order of the system (see the examples in section 7).

The paper is organized as follows. In section 2 the method of characteristics of
conservation laws is recalled. We specify the method for systems of generalized evolution
form in section 3 and derive equation (2) in section 4. The above theorem on quadratic matrices
is proved in section 5. In section 6 we explicitly formulate the obtained necessary conditions
for existence of higher conservation laws. Finally, section 7 contains some mathematical
physics equations of the form (1), which violate these conditions and, therefore, do not have
conservation laws of order greater than O. This result allows us to describe all conservation
laws for two basic equations in the theory of viscous transonic gas flows (see, for example,
[5, 7, 9, 11] and references therein) and for two popular reaction—diffusion systems: the
Brusselator model and the Belousov—Zhabotinskii system [ 10, section 15.4].

2. Characteristics of conservation laws

This is a brief review of the method of characteristic for computation of conservation laws.
We refer to [1, 2, 8, 12] for more details.
Consider a system £ of differential equations

Fs(yi,v-f,...,v],‘,...)zO s=1,...,p 3)
with independent variables yy, ..., y,, unknown functions vl ..., v? and
9l pk
Ul;zﬁ I:(il,...,ia)EZi
ay,'...0y4

being their derivatives. Here and below Z, is the set of nonnegative integers and |/| =
1+ +1i,. '

Let F be the algebra of smooth functions of the variables y;, u/ and uj. Although the
whole set of the variables is infinite, each function is supposed to depend only on a finite subset.
Denote by F¢ the quotient algebra with respect to the ideal Z generated by the left-hand sides

of equations (3) and their differential consequences Dyil o Dyik (Fy) € F. Here
D 0 N j 0
Vi 8yl ~ I+1; 8[,{;

is the total derivative with respect to y;, where 1; is the multi-index with 1 at the ith place, the
other indices of 1; being zero. For two equivalent functions fi, f, € F, fi — f» € Z, one has
f1Gi, v/ (3) = fo(yi, v/ () for any local solution v/ (y;) to (3).

By definition, the ideal 7 is invariant under the action of D,,, which, therefore, defines
a derivation D),I, of Fe. A conserved current for (3) is an a-tuple J = (Jy, ..., J,), where
Ji € Fe, that satisfies the equation
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> Dy (1) =0. 4
i=1

A conserved current is called trivial, if it has the form
Je = Z Di(Ly) — Z Di(Lx)
<k k<l
for some functions £y € Fg, 1 < k <[ < a. Two conserved currents are said to be equivalent
if they differ by a trivial one. Conservation laws are defined to be the equivalence classes of
conserved currents.
Let J; € F besuch that J, = J; +Z. Identity (4) means that

a
YD) =) g D}(F) ®)
i=1 s, 1
for some functions gj € F, only a finite number of which are nonzero. Here and in what
follows for each multi-index I = (iy, ..., i,) we denote D; = D;‘I ... va‘; . Consider the
functions
%=y (=D"'D] (g}) s=1,...,p. (6)

I

Generally speaking, representation (5) and functions ¥, are not uniquely defined by the
conserved current J. Assume that system (3) is nonoverdetermined and nondegenerated [1, 8],
then the corresponding elements y; = ¥ + Z of F¢ are well defined by J and are all zero if
and only if J is trivial. The p-tuple x = (xi, ..., xp) is the same for equivalent conserved
currents and is called the characteristic (or generating function [1, 12]) of the corresponding
conservation law.

In addition, x satisfies the adjoint linearized equation

K(x)=0 )
where K is the b x p matrix differential operator with the entries
_, O0F;
Klij=) (DDl o —L. 8
[K1;j ;< )1 D! o (8)

The homological interpretation of these concepts can be found in [1, 2, 12].

3. Formulae for systems of generalized evolution form

Consider a system & of m partial differential equations in n + 1 independent variables
f, X1, ..., X, and m unknown functions u', ..., u” of the form

8hui )
— i P —
W—F l—l,...,m (9)
where F' are smooth functions of the variables xj, t,u® and the following derivatives:
ai1+~~~+i,lub 9 ud
—_— il,..., i, €7y s < h. (10)
iy iy 8 s
oxy'...0x, t
For each multi-index I = (iy, ..., i,) € Z! and integer s > 0 we denote
; a\]\ﬂui (1 1)
U, = ——————.
B T P B

Let us describe the algebra F¢ for this system. By induction on s, it follows from (9) that the
derivatives u; , with s > h are expressed in terms of

f Xj, u, s<h. (12)
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Therefore, for each function of ¢, x;, u' and arbitrary derivatives (11) there is a unique
equivalent modulo (9) function of variables (12). Thus we can identify F¢ with the algebra of
smooth functions of variables (12). Below all functions are supposed to be from Fg¢.

The restrictions l_)x,., D,: Fe — Fe of the total derivatives are written in coordinates (12)

as follows:
_ 0 d
Dy =+ Z”’imia—k
! k,I,s u
8 (13)
D, = Newahi D!(F
at k. 1; 1 S+ S,I Z auh 1,1
The equation D, Jo+ > r_, Dy, J; = O for a conserved current J = (Jo, J1, ..., J,) implies
the identity

n

D+ Y] Do = 0 Dl (i~ F)

i=1 il Up_1,1

which is the specification of (5) for system (9). According to general formula (6), the
characteristic x = (X1, ..., Xm) 18 computed as follows:

Z( DDy ( ) (14)
—1,1

From (7) and (8) we see that the characteristic regarded as a column vector satisfies the
equation

(=D"Dy(x) = L(x) (15)
where L is the m x m matrix differential operator with the entries

[Ll; =Y (-D"'Dlo
1

j h—1 B 9F)
+> (=1)'Dj o —
s=0 5,0

(16)

4. Solving the adjoint equation for the highest order terms

For a (vector-)function f the maximal integer k such that df/ Bu’é ; # 0forsome 0 < s < h,
1 <i < m,|I| = kis called the order of f and denoted by o(f). If Bf/auéql = 0 for all
s, i, I then we set o(f) = —1. The maximal integer s < & such that 8f/8ui,,, # 0 for some
1 <i<m,|I| =o(f)is denoted by t(f). The order of the characteristic of a conservation
law for (9) is called the order of the conservation law.

Consider the ring Flqi, ..., q,] of polynomials in n variables with F as the ring
of coefficients. For each multi-index I = (iy,...,i,) denote by q’ the monomial
qi'. q," € Flqi,...,q,]. For any k-component vector-function x = (xi,..., xx) and

two integers a, b > 0 let S“?(x) be the k x m matrix with the entries

[S“P GOl =Y

||=a ”b I

q e Flqi, ---,qnl-

We call the nonzero matrix S°)-100 () the symbol of x and denote it by S, .

Let A be the symbol of the right-hand side (F',..., F™) of (9) and set N =
o(F',...,F™) > 0. By assumption (10), one has t(F',..., F™) = 0. Therefore, by
definition,

dF"
[Alj =) —d". a7

|I|=N a”0,1
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Applying the Leibniz rule, differential operators (16) can be uniquely rewritten in the

usual form
[Ll;= Y f/DL+> ¢VD;.
[I|<N s<h

In particular, from definition (16) one has
oF/

fi = (=¥ VI:|I|=N. (18)
8140,,
We set
0 = max {~1.0(f;’) = N.o(g/) = N}. (19)
L], 1,8

From definition (16) it follows that O < N.
Theorem 1. Let x be the characteristic of a conservation law for (9). If o(x) > O then we
have

S, A=(—DN"A'S,. (20)

Proof. Seta = N +0(x), b = t(x) < h. Equation (15) implies, in particular,
(=D (D} (x)) = S“"(L(x)). 1)
Set
A= Z ”Is{+1,1%-
kIs<h—1 s.1
Clearly, for any vector-function ¢ with o(i/) > 0 and t(y/) < h — 1 we have
o(A(Y)) = o(Y) t(AW)) =t(y) +1 Saw) = Sy. (22)

By formula (13) and assumption (10), for any vector-function x with o(x) > 0 the vector
function D?(X) does not depend on the coordinates ui, with |[I| > aor |I| = a,s > b.
Moreover, from the whole expression

h
_ 0 0
Dl(x) = (—+A+ D! (F% ) ()
at ; duy

only the part

3
Ao (Z D;(Fk)a -
I Up_1,1

) o Ah*l*b(x)

contributes to $**(D"(x)).
Therefore, by the definition of S%*, properties (22) and formula (17), we obtain

$“" (D} () = 8" (Abo (Z Di(Fh> : >0Ah”’(x))
k.1

Up_1,1

9
—sof 3 Di(F")% =S, A. (23)

k.1T1=0(0) du
Now let us compute the right-hand side of (21). In the case o(x) > O only the part
> 1= J1 DL of [L];j contributes to S“*(L(x)), since D} (x) for s < h does not depend on
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uf,, ; with [I| = a, p > b and the number « is greater than the order of any coefficient f,ij or
gs . Therefore, taking into account formulae (18) and (17), we obtain

S“" (L) = (=DVA'S,.
Combining this with (23) and (21), one gets (20). ]

In the following section we study the conditions imposed on A by equation (20).

S. Linear algebra problems

For a ring R we denote by M; (R) the ring of k x k matrices with entries from R. Consider an
arbitrary field F and denote by F its algebraic closure, i.e. the minimal algebraically closed
extension of F.

Theorem 2. Let A € My (F) and let d(A) = det(A — AX) be the characteristic polynomial of
A. A nonzero matrix S € My (F) such that

SA=—A'S (24)

exists if and only if the polynomials d(\) and d(—)\) have a common divisor of positive degree.
Equivalently, there are two roots .y, Ay € F of d(}) such that Ay + Ay = 0.

Proof. The polynomials d(}) and d(—X) have a common divisor of positive degree if and
only if they have a common root A in F, i.e. both A and —A are roots of d(1).

If (24) holds then, for any matrix similar to A, A’ = CAC™',C € M(F), one has
S'A = —A"S with § = C"""SC~". Let us regard A as a matrix from My (F) D M(F).
Then we can assume A to be in the Jordan normal form. For such A one can easily show that
the linear map

M(F) — M (F) St> SA+A'S

has a nontrivial kernel if and only if there are two eigenvalues A, A, € F of A such that
M+ XAy =0 (see [3] for F = C).
It remains to prove that if (24) holds for some S € M (F) then there isnonzero S" € M (F)

such that S’A = —A’S’. Consider a (possibly infinite) basis {a;} of F regarded as a vector
space over F. One has § = ). a;S;, where S; € My(F). Since A € M, (F), equation (24)
implies S;A = —A'S;. O

Recall some criteria for two matrices A, B € M (F) to be similar (see, for example,
[4, ch 13]). Consider the ring F[A] of polynomials in one variable. A matrix C € M (F[A])
is said to be unimodular if det C is nonzero and belongs to F. For any matrix A € M (F) the
matrix A — Al € My (F[)\]) admits a canonical decomposition

A— M =C DG, Ci1, D, Cy € My(F[A]) (25)

such that Cy, C, are unimodular, while D is diagonal. Moreover, the polynomials d; = [D];;
have the leading coefficient 1, and d;,; is divisible by d; foreachi = 1, ...,k — 1. Then the k
polynomials d; are defined uniquely by A and are called the invariant factors of A. Note that
there is a simple procedure to compute the invariant factors [4, ch 13].

Proposition 1 ([4, ch 13]). Two matrices A, B € My(F) are similar if and only if they have
the same invariant factors.

We call a polynomial d(A) = Y, a;A' € F[A] skew if d(—A) = (—1)%€4Md (), i.e. for
all i = degd(A) + 1 mod 2 one has a; = 0.
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Theorem 3. For any A € My(F) we have the following:

(1) The matrices A and A" are similar.

(2) The matrices A and — A" are similar if and only if each invariant factor of A is skew. In
this case the characteristic polynomial is also skew. In particular, in the case charF # 2
we have trA = 0 and, if k is odd, det A = 0.

Remark 1. Note that in the case charFF = 2 the second statement of this theorem as well as
theorem 2 are trivial.

Proof. Consider canonical decomposition (25) for A. Taking the transpose, we obtain
A=A = C'DCY (26)

which is a canonical decomposition for A’, since C;’, C," are clearly unimodular. Therefore,
the invariant factors of A" are the same, which, by proposition 1, implies that A and A" are
similar.

Multiplying (26) by —1 and substituting —A in place of A, we obtain

—A"' — AL = =G (—=A)D(—=))Ci' (—1). 27)
Denote C; = —Cy'(=1),C, = TCy'(=1) and D' = D(—A)T, where T € M;(F) is the
diagonal matrix with the entries [T]; = (—1)%Pli . From (27) we obtain the canonical

decomposition —A’ — A = C|D'C), for —A’. According to proposition 1, A and —A’ are
similar if and only if D’ = D, which says that all the invariant factors [D];; of A are skew. In
this case the characteristic polynomial is also skew, since from (25) it is evidently equal to the
product of the invariant factors multiplied by (—1)¥. 0

6. Necessary conditions for the existence of higher conservation laws

According to theorem 1, a necessary condition for the existence of conservation laws for (9) of

order greater than O is that there is a nonzero m x m matrix S, with entries from Flqy, ..., g,]
such that (20) holds. Let us treat A and S, as matrices with entries from the field F of rational
functions in n variables ¢y, . . ., g,. Then theorem 2 implies the following.

Theorem 4. If N + h is odd and system (9) possesses a conservation law of order greater
than O, then the characteristic polynomial d(A) = det(A — Al) and the polynomial d(—X)
have a common divisor of positive degree. Equivalently, there are eigenvalues ,i, Ay of A
(possibly in the algebraic closure of F) such that A1 + Xy = 0.

Remark 2. Evidently, introducing the new dependent variables

Su’
=
we can rewrite (9) in the usual evolution form. But if # > 1 then the symbol on the right-
hand side of the obtained evolution system has zero determinant and, therefore, automatically

satisfies the condition in theorem 4, even if the initial system does not meet this condition.
Therefore, it is essential to consider the generalized evolution form.

is

Analysing examples of known soliton equations, we can conjecture that for (9) to
be integrable there must exist higher order conservation laws with nonsingular matrix S,.
Therefore, it is worth formulating a necessary condition for the existence of such nonsingular
conservation laws. According to theorem 3 (2), we obtain the following criterion.
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Theorem 5. If N + h is odd and system (9) has a nonsingular conservation law of order
greater than O then all the invariant factors of the matrix A are skew. In this case its
characteristic polynomial is also skew. In particular, tr A = 0 and, if m is odd, det A = 0.

If m = 1 then A is a nonzero 1 x 1 matrix, and theorem 4 implies the following.

Theorem 6. A scalar equation (m = 1) of the form (9) with odd N + h cannot have
conservation laws of order greater than O.

Remark 3. To obtain stronger conditions, it is sometimes useful to write a system of PDEs
in several ways in the form (9). For example, for a scalar evolution equation u, = u,,, +
Uyy + f(u, uy, uy, uy,) the condition is empty, since the sum of # = 1 and N = 3 is even.
But rewriting the equation in the generalized evolution form with respect to y as follows
Uyy = —Uyyy +1; — f(U, Uy, Uy, u,,), we see, according to theorem 6, that there are no higher
conservation laws.

Remark 4. If N + & is even then, according to theorem 3 (1), equation (20) is always solvable
and imposes no restrictions on the symbol A of (9). That is, equation (15) is solvable with
respect to the highest order terms. In this case, to obtain nontrivial conditions for (9) to have
higher conservation laws, deeper analysis of (15) is needed.

7. Examples

7.1. The viscous transonic equation

The nonlinear viscous transonic equation
o
Ut = —Uxxxy T UxUxy — 711, (28)

describes the asymptotic form of a gas flow in the sonic region (see [7, 9] and references
therein). The following conserved currents for (28) were found in [7]

u? u?
<u,t°‘, U t® — j‘t“) (u,t + (@ — Du, uyt — ?Yt) . (29)

All other conserved currents mentioned in [7] are trivial.
Let us show that (29) span the whole space of conservation laws for (28). We have

L=D+D2ou, —Dyouy+D, 0> =D +u, D> +uuD,+ =D, — =
= U, X X X XX t P = U, x 1y xxx P t 2 .
According to (19), one has O = —1. By theorem 6, since N +h =5 is odd, the characteristic
x of any conservation law is a function of x, ¢ only. Equation (15) reads
o o

Xt = Xoxx T Ux Xax T Uxx Xx t ?Xl - t—ZX

This implies x, = 0 and
o o
Xt = 7Xt_t_2X~ (30)

The characteristics %, ¢ of conserved currents (29) span the space of solutions to (30).
Therefore, (29) span the space of conservation laws.
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7.2. Another equation for viscous transonic flows

The equation

Vyy = 2Vxs + Ux Uy — Vzz — UUxax 31
where 1 is a nonzero real constant, models nonstationary transonic flows around a thin body
with the effects of viscosity and heat conductivity when the velocity of the gas is close to the

local speed of sound, see [5, 11] and references therein.
For this equation we obtain

L= ,u,l_)i +2D.D, — Df + vxﬁi + Uy Dy
By definition (19), we have O = —1. According to theorem 6, since N + h = 5 is odd, the
characteristic x of any conservation law is a function of x, y, z,  only. Equation (15) implies

xx =0 Xyy + Xzz = 0. (32)
Each function y satisfying (32) is indeed the characteristic of the conserved current

D_y(XUy — XyV) + DZ(XUZ — XV) + D_x (/‘vaxx - %XU,% - 2XUI) =0. (33
Therefore, any conserved current for (31) is equivalent to a conserved current of the form (33).

7.3. The Brusselator model

The Brusselator model governing certain chemical reactions is the following multidimensional
system

82
v,=;BXi+vw—(b+1)v+a w,_cZ——v w+bv  (34)
where a, b and ¢ # 0 are real parameters [10, section 15.4]. By deﬁmtlon (16) we have
I Y. DI +2vw—(b+1)  —2vw+b

The symbol A is diagonal with [A];; = Zi qi2 and [A]pn = CZ,' qiz. By definition (19),
we have O = —1. By theorem 4, since [A];; # 0, [A]x # 0, and [A]y; + [Alxn # O, the
characteristic x = ()1, x2) of any conservation law is a function of x;, # only. For such yx
equation (15) reads

d 9
ey ajl +Quw — (b+ 1)y — Quw — by

ot - ;
5 (35)
X2
—WZUX1+CZ —UX2
Evidently, (35) implies x; = x». Then (35) becomes
dx1 9% X1 9 9% X1
A - _ = —. 36
o1 Z oz o1 C; 0x? (50)
Clearly, for ¢ = 1 the only solution to (36) is x; = 0, while for ¢ # 1 the general solution is
ct
X1=x2= G(x)exp( 1) (37)

where G (x;) is an arbitrary solution to the equation

2
G+(c—1)286_ . (38)
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Each solution (37) is indeed the characteristic of the conserved current

_ t A t
D, <G exp (cc——l) (v+ w)) + Z D,, (exp (CC_ 7
i=1

)

X <?(v+cw)—6(vxi+cwxi)— %/de,-)) =0.

1

Thus if ¢ # 1 then these conserved currents span the space of conservation laws; while if
¢ = 1 then there are no nontrivial conservation laws for (34).

74.

The Belousov—Zhabotinskii system

This system describes certain chemical reactions and reads [10, section 15.4]

9%v ?w
U,:Z—2+v(1—v—rw)+Lrw w,:Z——bvw—MW

0x ax2

i i i

Here r, L, b, M are real constants. Evidently, theorem 4 implies that this system does not
possess conservation laws of nonnegative order. Similarly to the above examples, analysis of
equation (15) for characteristics of order —1 shows that in the nonlinear case b # 0 there are
no nontrivial conservation laws at all.
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